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Abstract

We develop a testing theory for real-time systems. We keep#iual notion of success or fail-
ure (based on finite runs) but we also provide a mechanismtefrdaing the success or failure of
infinite runs, using a formalism similar to the acceptancBiilchi automata. We present two refine-
ment timed preorders similar to De Nicola and Hennessy’s amlymust testing. We then provide
alternative, behavioural and language-based charaatiens for these relations to show that the new
preorders are extensions of the traditional preordersallyimve focus on test generation, showing
how tests can be automatically generated out of a timedntasfdinear-time logic formulae.

Keywords: formal methods, real-time systems, model-based testiag,testing, must testing, test-
ing preorders, test generation, timed temporal logic, TPTL

1 Introduction

The development of hardware and software is getting morereord complex. How to guarantee validity
and reliability is one of the most pressing problems nowadgy13]. Among many theoretical methods
for this, conformance testinfR0] is the most notable one for its succinctness and higbraatization.
Its aim is to check whether an implementation conforms tovargspecification.

Formal system specifications |17], together with the im@atations, can be mainly classified into
two kinds: algebraic and logic. The first favors refinemeritewa single algebraic formalism is equipped
with a refinement relation to represent a system’s speddicand implementatiori[21]. An implemen-
tation is validated correct if it refines its specificationn it often defines the system transitionally,
process algebraé [118], labelled transition systdms [, farite automata are commonly used in this
classification, with traditional refinement relations lgeiither behavioural equivalences or preorders
[, [14]. A typical example is model-based testing [7]. Theossl approach to conformance testing
prefers assertive constructs; different formalisms aegl s describe the properties of the system spec-
ifications and implementations_J10,]111]. Specificationsuseally defined in a logical language while
implementations are given in an operational notation. Emesntics of assertions is to determine whether
an implementation satisfies its specification. A typicalregke is model checking [11].

The domain of conformance testing consists in reactiveesyst which interact with their environ-
ment (also regarded as a reactive system). Often such systenrequired to beeal timg meaning
that in addition to the correct order of events, they mussiatonstraints on delays separating certain
events. A system that does not respond within our lifetimgbigously not useful, but many times we
require a more precise time-wise characterizatlReal-time specificationare then used as the basis of
conformance testing for such systelins [17].

The aim of this paper is to develop a semantic theory for tigad- system specification featuring
real-time transition systems modeling the behaviour oétimprocesses. Using a theory of timedinal
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states as well as a timed testing framework based on De NigwleHennessy’s may and must testing
[14], we develop our timed may and must preorders that reiated processes on the basis of their
responses to timed tests. We also provide concise alteencttiaracterizations of these two preorders.
Our framework is as close to the original framework of (um testing as possible, and is also as
general as possible. While studies of real-time testingteifiey have mostly restricted the real-time
domain to make it tractable; by contrast, our theory is ganeks a consequence, it may be regarded
as not applicable in practice. To address this perceptiemlso tackle automatic test generation. More
specifically, we show how to algorithmically build equivalgests starting from timed propositional
temporal logic (TPTL)[[3] formulae.

Our theory considers the whole domain with all its partidtiles. We believe that starting from
a general theory is more productive than starting directlynf some practically feasible (and thus re-
stricted) subset of the issue. On the other hand, our theomyoire practical than one might expect.
Indeed, the characterization of the timed may and must geesuuses a surprisingly concise set of timed
tests. In addition, we are able to find an algorithm for autientast generation starting from TPTL
formulae. This algorithm is also a first (but significant)ssteward an integration of operational and as-
sertive specification styles in the area of real-time systgémobtain heterogeneous (algebraic and logic)
real-time specifications and tools.

The remainder of this paper is structured as follows. Piakmes such as preorders, timed automata,
and timed transition systems are presented in the nexbsedtie formalize the notion of timed processes
and timed tests in Sectidi 3, where we also introduce andctaize our timed preorders. Sectldn 4
presents our conversion of TPTL formulae into equivalenetl tests. We conclude in Sectldn 5.

2 Preliminaries and Notations

Preorders are reflexive and transitive relations. They adelwused as implementation relations com-
paring specifications and implementations. Preorders asierto construct and analyze compared to
equivalence relations, and once a preorder is establistredssociated equivalence relation is immedi-
ate. The cardinality oN is denoted byw.

All our constructions are based on somuion alphabetA representing a set of actions excluding
the internal actiorr and on aime alphabel which contains some kind of positive numbers (suciias
or R™). A set oftime clocksC is a set of clocks (i.e, variables overassociated to states. We denote by
T(C) the set of time constraints over a €ebf clocks. Aclock interpretationfor a setC is a mapping
C — L. Clock progressienotes the effect of time sequences that increase cloaksalft > 0 andc is
a clock interpretation oveg, in the clock interpretation’ = c+t we havec'(x) = c(x) +t for all clocks
x € C. Clocks can beesetto zero.

A time constraintis also callecclock constrainthere, since we constrain the clocks of the states to
constrain time between states. xlis a clock andr is a real number, ther~ r is a clock constraint,
where~c {<,<,=,#,>,>}. Clock constraints can be joined together either in corijans (\) or
disjunctions {). That s, ifxis a clock, the following is an admissible clock constraig 3V x> 5 (A
is for multiple clocks).

2.1 Timed Transition Systems, Traces, and Languages

Labelled transition system5l[7] are used to model the behawf various processes; they serve as a
semantic model for formal specification languages. A tintaddition system is essentially a labelled
transition system extended with time values associatedtiors. Timed automatal[2, 116] are based on
the automata theory and introduce the notion of time coimésraver their transitions. In general labelled
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transition systems model the execution of a process, winiled automata are suitable for specifying
processes or defining tests upon processes. We find cont/émiemmbine the two concepts to obtain a
unified model for real time, which we call by abuse of termamyl (and for lack of a better term) timed

transition system; we do not introduce any new concepteatstve unify existing constructions into

a convenient single construction. A timed transition syste essentially a timed automaton (or more
precisely a timed transition table, since final states véllfiroduced later) without the restriction of the
number of states being finite.

Definition 1. TIMED TRANSITION SYSTEM. For a setA of observable actionst(¢ A), a setL of
times values, and a sé€t of clocks with an associated s&{C) of time constraints, a timed transition
system is a tupl¢(A x L)U{t1},C,S —, po), where: S is a countable set of states; every stateD
has an associated clock interpretatiop :aC — L; —C (Sx (A x L) x Sx T(C) x 2)U(Sx {1} x )

. " . 3) . -
is the transition relation (commonly, we us%—'g) p instead of(p,(a,9d), p/,t,C) €—, further omitting

)

C whenever G= 0); po is the initial statdl.
A timed transition system picks its way from one state to #x state according to the transition

. 5 " .
relation. Whenever %gp’, the transition system performs a with delaythe delay causes the clocks

to progress so that,ﬁ(x) = Cp(x) + 0 whenever £ C and gy (x) = 0 otherwise; the transition is en-
abled only ift holds under the interpretationy¢ 7 transitions change the state but do not affect clock
interpretations and cannot be time constrained.

Timed transition systems are different from labelled tii@ms systems in their treatment of traces
(by associating time information with them). Normally aceas described as a sequence of the events
or states (but not the delays between them). To add time axa,twe add time information to the usual
notion of trace (that contains actions only).

Definition 2. TIMED TRACE. A timed trace oveA, L, andC is a member ofA x L x T(C) x 2¢)* U
(AxLxT(C)x 2C)‘*’, whereA is afinite set of events, is a set of time actions is a set of clocks, and
T(C) is a set of time constraints oveér

If both L and T'(C) (or equivalentlyC) are empty, the timed transition system is the same as a
labelled transition system, and the timed trace becomesraatdrace. However, one df or T(C)
could be empty and we still obtain a timed trace; this will bedilater to differentiate between processes
and specifications.

We will use the following relationp% piff p=pp— pr— pp — -+ — pn(:%? p for some
n>0,andp == p iff p=po — pr — P2 — --- — pn = p’ for somen > 0. By abuse of notation,
: w A YL (@) (2.%) (), _

we also writep = q whenevew = (&, &, ti,Ci)o<i<k andpﬁ p1 ﬁ P2 mk% pc=p.

Definition 3. TIMED PATH. LetM= ((Ax L)U{1},C,S —, po) be a timed transition system. A timed

path 77 of M is a potentially infinite sequenagi_1, (&, 3, ti,Ci), pi)o<i<k, Where p_l(%h, for all

O<i<kwithgeA el t eT(C),andGCC.

We use|] to refer tok, the length ofrt. If |11l = w, we say thatt is infinite; otherwise,rt is finite.
A deadlockoccurs when the transition system cannot move to anothier. $tar € N andp,, # (that
is, pj is a deadlock state), then the timed patfs called maximal. tradgr), the (timed) trace oftis
defined as the sequenta, &, ti,Ci)o<i<|m € (A x L x T(C) x 2°)*.

lwhenever the transition relation is global and understoedan regard a state as the timed transition system whoi init
state is the given state.
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We usell¢(p'), Mm(p'), M (p') to denote the sets of all finite timed paths, all maximal tirpaths,
and all infinite timed paths starting from stape € S respectively. We also pull(p') = N¢(p) U
Nm(p) UM (p). The empty timed pathr with |1} = 0 is symbolized by() and its (always empty)
trace bye.

Divergence, the special notion of partially defined statiest(may engage in infinite internal compu-
tations), is important for the testing theory of reactivsteyns. Statgy of transition systenp is timed
divergent denoted byp' 1}y (or just p’ 1 when there is no ambiguity), #rr e M, (p) : tracgm) = «.
Statep’ is called timedw-divergent (denoted by’ {1, w) for somew = (&;, &, ti,Ci)o<i<k € (A x L x
T(C) x 2°)* U (A x L x T(C) x 2°)? if one can reach a divergent state starting frofnwhen executing
a finite prefix ofw, that is, if3l e N,p” € S: 1 <k, p/ N P, 0" frp, With W = (&, &, t;,Ci)o<i<l. For
convenience we denote hy(p’) the divergence language pf Conversely, statg’ is timed convergent
or timedw-convergent (denotef |}, andp |}, w, respectively, with the subscript omitted when there is
no ambiguity) if it is not the case that 1+, andp’ f+, w, respectively.

The set of initial actions of statg’ if defined as follows: inig(p’) = {(a,9,t,C) € Ax L x T(C) x

3
2C : Elp” : p/%p//}_
We finally introduce different languages for a timed trapnsitsystem (statep.

Definition 4. TIMED LANGUAGES. The timed finite-trace language (p), timed maximal-trace (com-
plete-trace) language k(p), and timed infinite-trace language (p) of p are

C (AxLxT(C)x 2%
C (AxLxT(C)x 2
C (AxLxT(C)x 29,

Li(p) = {tracdm):meN¢(p)}
Lm(p) = {tracgm):me Mm(p)}
Li(p) = {tracdm):mel(p)}

The divergence language of pisp) = {we (Ax L x T(C) x 2°)* U(A x L x T(C) x 2°)® : p{ w}.

2.2 Timed w-Languages andw-Final States

Originally [2], a timed word over an alphabEtwas defined as a pajo,t), whereo is an infinite word
overZ andt is a time sequence (an infinite sequence of time values). Adilanguage oveX is then

a set of timed words oveX. We defined timed languages slightly differently, in ordereaflect the use
of such languages for system specification (so that we atdada time constraints) and also to simplify
the presentation. We note however that if we omit the clocid their constraints (which we will do
when it comes to processes) there is a natural bijectiondstwur definition and the original.

We now come to the characterization of infinite timed trac@sce more similar to the theory of
timed automatéd_|2] we introduce for this purpose a set ofdimédinal states, that contains exactly all the
states which allow time-event sequences to be accepteddeagpg infinitely often in the corresponding
timed path. We then define timead-regular trace languages as follows:

Definition 5. TIMED w-REGULAR TRACE LANGUAGE. The timedw-regular trace language of some
timed transition system p is(p) = {tracgm) : m< My, (p)} € (A x L x T(C) x 29)%, wherel,(p)
contains exactly all theo-regular timed pathsthat is, w-final states must occur infinitely often in any
e My(p).

In addition we exclude henceforth Zeno behaviours fromhalllanguages that we consider: no trace
is allowed to show Zeno behaviour. In other words, time peeges and must eventually grow past any
constant value (this property is also called progreiss| 2, 9]

4



TR 2009-003: A Testing Theory for Real-Time Systems S. Ddarand C. Dai

2.3 Timed Propositional Temporal Logic

Timed Propositional Temporal Logic (TPTL)I[3] is one of thesh general temporal logics with time
constraints[l4]. TPTL extends traditional linear-time f@ral logic (LTL) |4,[11] by adding time con-
straints, so that its semantics is given with respect toitefand finite timed tracgsthat is, timed words
in (AxL)"U(AxL)?® This allows formulae to constrain ongoing as well as deddifm behavior for
both actions and time.

We will define and use a slightly modified form of TPTL withowtngruence. However, it is imme-
diate that our form is equivalent to the original, for indereel add negation and conjunction, which can
all be expressed using and logical implication (which exist in the original defiom of TPTL). Sim-
ilarly, implication can be expressed using negation angurmtion. The constant is introduced only
for notational convenience. For this reason, we will camito call our temporal logic TPTL without
congruence—we will in fact shorten this to just TPTL, thekla€ congruence being henceforth implied.

We assume a set of clocksranged over byx. With @, @1, @ ranging over TPTL formulaeg ranging
over A, andc ranging over positive constants, the syntax of the térand the TPTL formulap is the
following:

6 = x+c|c
0 = <6 |T|Llal-9olar@|XeolaUe@|xe

Let the set of all TPTL formulae b&. We say that a timed trace= (&, & )o<i<k € (A x L)*U (A x
L)® satisfiesp iff wi=, ¢ holds k= |w| is the length ofv). The relatior,C ((Ax L)*U(AxL)®) x.#
is the least relation satisfying the conditions in the setmarof TPTL formulae shown below, with;
standing for(a;, &) j<i<k for any 1< j <k, andy: C — L being some clock interpretation.

o 6 <6, iff y(61) < y(62),

e Wk, T andw?, L for anyw,

o Wk aiff w# g anda; = a,

o Wk, —@iff -wk, ¢,

o WE, A iff Wk, @ andwk, @,

o Wk, X @iff wo =y @,

e Wy U@if I0< j<kVi<r<kwbF, @ VO<s<i:WskFy @,
o Wiy X.@iff Wy @

The clock interpretationy is arbitrary, except thgt(x+ ¢) = y(x) +candy(c) = c; y[t/X] is the clock
interpretation that agrees withon all clocks except, which is mapped tbe L.

The occurrence of a free time variablen a formula “freezes” the moment in time, which can be
checked later by usingin various expressions. There is no other concept of timeicgsn, but these
restrictions are sufficient to model most phenomenae frérardtmed temporal logics]3].

As usual one can also introduce the derived operdidfglobally”) and F (“eventually”) asG ¢ =
L RepandF ¢=T U g, respectively. The operat® (“releases”) is defined as usual as the dual of the
operatory.

2Time traces as presented in the previous section also ooritaik constraints; however, as we will see in Sedfbn 3, the
clock constraints appear only in tests and so the trace aEgees are oveéy x L only.
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We also say that a timed procEsp;satisfies the TPTL formula, written py @, iff Yw e L¢(p) U
Lm(P)ULw(P)ULp(p) : WEy .

3 A Testing Theory

We are now ready to extend the testing theory of De Nicola aadndssy[[14] in two ways. For one
thing, we adapt this testing theory to timed testing. In &ddj we are also introducing the concept of
Biichi acceptance to tests (or Blichi success), so thatrtpegies of infinite runs of a process can be
readily identified by tests. Timed testing has been studefdrb in many contexts [6, 116, 119] but to
our knowledge never in such a general setting and neverdimguBUlchi success. In addition, timed
testing has never been considered in conjunction with Ers¢igition from temporal logic formulae. We
note however that a somehow incipient consideration ofnB8access for tests and also of temporal
logic formulae as test generators for untimed tests eXi&k though to our knowledge this has not been
pursued any further.

The traditional testing framework defines behavioural piers that relate labelled transition systems
according to their responses to tests [1]. Tests are usedrify ¥he external interactions between a
system and its environment. We use timed transition systsrike formalism for both processes and
tests.

3.1 Timed Tests and Timed Testing Preorders

In our framework a test is a timed transition system wheréagestates are considered to be success
states. In order to determine whether a system passes wéesin the test in parallel with the system
under test and examine the resulting finite or infinite coratoms until the test runs into a success Bate
(pass) or a deadlock state (fail). In addition, a setvefinal states is used to compartmentalize infinite
runs into successful and unsuccessful.

Definition 6. TIMED PROCESSES AND TIMED TESTS A timed proces$(A x L)U{1},S —,po) is a
timed transition syster(A x L)U{t1},0,S —, po) with an empty set of clocks (and thus with no clock
constraints). It follows that all the traces of any timed gees are in the s\ x L)* U (A x L)®.

Atimed testAU{1},C,T,—,Z,Q.1) is a timed transition systerffA x 0) U {1},C, T,—,tp) with
the addition of a seX C T of success states and a §et_ T of w-final states. Note thdt = 0 for tests
and therefore—C (T x Ax T x T(C) x 29)U (T x {1} x T).

The transition relation of a process and a test are regtrigtedifferent manners) because the test
runs in parallel with the process under theBedthis latter process (called the implementation) features
time sequences but no time constraints, while the testrestonly time constraints. It is meaningless
to run the test by itself. Ifl'(C) = © which means there is no time constraint in the test, wetlaltest
classical. The set of all timed tests is denoted®y

Definition 7. PARTIAL COMPUTATION. A partial computation ¢ with respect to a timed process p and a
timed test t is a potentially infinite sequer((tpi,l,ti,m%»'é%(pi ,ti))o<i<k, Where ke NU{w}, such that

1. pePandteTforallO<i<k, and

3A timed process is a timed transition system without timestaints, as detailed in Sectih 3

4Success states are deadlock states too, but we distingeistas special deadlock states.

5Note however that the difference is syntactical only, fatded the transition relation for a timed process allows for a
empty set..
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2. & € Lis taken from pt; and G are taken from t, and R {1,2,3} forall 0 < i <Kk.

The relation— is defined by the following rules:
o (p1ti1)~Du(pt)ifa=1,p1——pp,t1=t,andf 1 ¢,

o (piptit)—So(pt)ifai=1, poa=p,t1——=tt,andi ¢,

J <piflatifl>'(:_2%<pi>ti> if (&,&) e AxL, p_1 (a|—>)p Pi, tifl(::—gt)ti, and{_1 &€ 2.

The first expression in the definition ef indicates that when the process under the test is executing
an internal action fronp;_; to pj, the test keeps its state. The second expression indidaesvhen
the test is executing an internal action fram to tj, the process under test keeps its state. The third
expression indicates that when the action is not interhalfést and the process under test execute their
respective action in parallel, and spend the same time wilbileg so. Moreover, the test also needs to
check its time constraint.

If ke N thenc is finite, denoted byc| < w; otherwise, it is infinite, that igc| = w. The projection
proj,(c) of con pis defined agpi_1, (&, &), pi)ig € M(p), wherelg = {0 <i <k:R € {1,3}}. Similarly,
the projectionproji (c) of c ont if defined as(ti_1, (&, &, ti,Ci),ti)icie € M(t) , wherelf = {0 <i <k:
R €{23}}.

Definition 8. COMPUTATIONS AND SUCCESSFUL COMPUTATIONS A partial computation c is called
computation if it satisfies the following properties:

1. ke N implies that ¢ is maximal, that is kg p, t £, andinit,(pk) Ninit (t) = O (px and &
cannot execute the same action) or the time delayafges not satisfy the time constraint gf t
and

2. k= wimpliesproj,(c) € M, (p).

The set of all computations of p and t is denoted by,©.
Computation c isuccessfuif t; € >~ wheneveic| € N, andproj(c) € My(t) wheneveic| = w.

Definition 9. TIMED MAY AND MUST. p may pasg, denoted by pnayr t, iff there exists at least
one successful computationedC(p,t). Analogously, pmnust pasg, denoted by pnusty t iff every
computation e C(p,t) is successful.

Intuitively, an infinite computation of procegsand test is successful if the test passes through a
set of w-final states infinitely often. Hence some infinite compuwtadi can be successful in our setting.
Since timed processes and timed tests potentially exhilmitieterministic behaviour, one distinguishes
between the possibility and inevitability of success. Tihisaptured in the following definition of the
timed may and must preorders.

Definition 10. TIMED MAY AND MUST PREORDERS Let p and q be timed processes. Them, §” g
iff vt € 7 : pmayr t = gqmayr t; and pCTS'qiff vt € 7 : pmusty t = qmusty t.

It is immediate that the relations’™ and C“t are preorders. They are defined analogously to
the classical may and must preorders (which are based olteldiansition systems and restriét to
classical tests).
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3.2 Alternative Characterizations

We now present alternative characterizations of the timag amd must preorders. The characterizations
are similar in style to other characterizations and provfdebasis for comparing the existing testing

theory to our timed testing. The first characterization nsilsir to the characterization of other preorders

[, 18] and relates timed testing directly with the behaviofiprocesses.

Theorem 1. 1. pCT¥qiff L+(p) C Lt(q) and Ly(p) C Lo(q).

2. pCustq iff for all w € (A x L)* U (A x L)® such that p| w it holds that: (a) q | w, (b) if
W] < wthenvq : q== ¢ implies3p’ : p== p’ andinit,(p') C inity(q), and(c) if |w| = w then
W € Ly (p) implies we Ly(q).

The second characterization is given in terms of timed tiackisions, once more similarly to the
characterization of other preordefs [8] 21]. Note that wereow concerned witiCT"s! only, as the
simplest_ % is already characterized in terms of timed traces in The@iem

To state this result we need to introduce the notiopwe nondeterminismMe call a timed process

p purely nondeterministic, if for all state® of p, (a) p’ Lp implies p/ (ﬁszp and|{((a,9),p"): ¢/ @Zp

P’} = 1. Note that every timed procepsan be transformed to a purely nondeterministic timed @®ce
P/, such that¢(p) = Lt(p'), Lo(p) = Lo(P'), Lm(p) = Lm(p'), andLy(p) = L,(p') by splitting every

. ,(a.é) i . ;T (a~6) //
transitionp’ —, p” into two transitiongy —p Py (a,8),p) ANAP(y (a.5),p7) —p P’ Wherep y (a5, p)

is a new, distinct state.

Theorem 2. Let p and g be timed processes such that p is purely nondetistioi Then p—T"stq iff
all of the following hold:

Lo(a) € Lo(p) 1)
Li(@)\Lo(a) < L¢(p) 2
Lm(a)\Lo(a) < Lm(p) 3)
Lo(@\Lo(a) € Lu(p) (4)

With respect to finite traces, the characterizations of dirtests differ from the ones of classical
preorders by the addition of time variables. We also neeéfine the classical characterizations so as
to capture the behaviour of timed may and must testing witheet to infinite traces. The proofs of the
two characterization theorems rely on the properties ofdliewing specific timed tests.

o Forw=(a,&)oci<k € (A x L)*, letty®* = (AU{T},{x},T,—,{k},0,0), whereT = {0,1,... .k}
and—={(i—1,&,i,x=§&,{x}) : 0<i <k}.

o Forw = (a;,8)oci<k € (AxL,)? letty™ = (AU{1},{x},T,—,0,T,0), whereT =N, —=
{(|—1,a|,|,X:d’{X})|>O}

o Forw=(a,d&)oci<k € (AxL)*, letth ™ = (AU{1},{x},T,—,0,{K},0), whereT ={0,1,... .k},
—={(i—-1,q,i,x=4,{x}):0<i<k}u{(k 1,k T)}.

o Forw= (&, )o<i<k € (AxL)", letty* = (AU{T},{x},T,—,{s},0,0), whereT = {0,1,...,k}U
{s}, =={(i—L&,i,x=3q,{x}):0<i<k}u{(i,1,5,T):0<i<k}.

o Forw= (a,&)oci<k € (AxL)?, letty® = (AU{T},{x},T,—,{s},N,0), whereT = NU{s},
—={(i—L&,i,x=34,{x}) i >0yu{(i,7,s,T):i>0}.

8
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Must

Mustmax
tw

tw Must,w

tw
Figure 1. Timed tests used for the characterization of timegt and must preordersy-final states are
marked by the symbab; success states are distinguished from regular statesdiyttbrders.

o Forw=(a,3)oci<k € (AxL)*, letty " = (AU{1}, {x},T,—,{s},0,0), whereT = {0,1,...,k}U
{s}, »={(i—1a,i,x=34,{x}):0<i<k}u{(i,7,5T):0<i<k}

o Forw = (a,&)oci<k € (A x L), let ty "™ = (AU{1},{x},T,—,{s1,%},0,0), whereT =
{0,1,... .k} U{s, s}, == {(i—L&,i,x=4,{x}):0<i<k}u{(i,1,5,T):0<i<k}U
{(ka,s,T):(at) e AxT(C).

o Forw= (aj,&)ocick € (A x L)?, letty"** = (AU {1},{x},T,—,{s}0,0), whereT = NU{s},
—={({—-La,i,x=34,{x}):i>0}u{(i,1,5,T):ieN}

e Forw= (&,8)o<i<k € (Ax L) andA C A, Iettm,ﬁSt = (AU{t},{x},T,—,{s1,%},0,0), where
T={01,....ktU{s1,}, == {(i—L&,i,x=36,{x}):0<i<k}U{(i,1,5,T):0<i<k}U
{(k,a,s, T):ac A}

The states of the tests are identified by numbers, but whemeyaeed to avoid ambiguity we will also
refer to stateé of some test ag instead of just. The tests are depicted graphically in Figire 1.

Intuitively, while timed testsy 2" andty > test for the presence of a finite and infinite tragae-
spectively, timed testy/ ™V t}*, andty® are capable of detecting divergent behaviour when exegutin
tracew. These are “presence” tests, that check whether a wefieite or infinite) exists in the imple-
mentation. Timed testiy"St* tMUStMax angtMUst® test for the absence of the finite trace, maximal trace,
and w-final trace (that is, trace that goes through infinite o@nees ofw-final states), respectively.
Timed must testing is a bit trickier, since we cannot fegsitleck all the possible traces or computations
exhaustively (as we need to do according to the definition wstrtesting). So we think the other way
around: We assume one “failure trace,” which does not gatisf test and leads to failure. If there exists
at least one such failure trace, then the test fails. On therdtand, if we cannot find the failure trace
in the implementation, the test succeeds. We then test genab of this trace. Finally, timed te!\%i;‘St

9
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is capable of comparing the initial action sets of stateshed when executing traeeagainst a subset
A C A. Note that we use the tightest time constraint possible irtest. We denote = &, {x} by & in
what follows (and also in Figuid 1).

Our specific timed tests satisfy the following desired prtps:

7. Letwe (A x L)* such that p} w. Then, WZ Li(p) iff p musty tyy "t

Lemma3. 1. Letwe (AxL)*.Then, we L¢(p) iff p mayr ty>".
2. Letwe (A x L)%, Then we Ly (p) iff p mayp thy <.
3. Letwe (A x L)* . Then, we Lp(p) iff p mayy th>V.
4. Letwe (Ax L)*. Then, pl} wiff pmusty ty™.
5. Letwe (Ax L)*U(AxL)®. Then, p| wiff pmusty ty®.
6. Letwe (A x L)* such that p} w. Then, wZ L¢(p) iff p musty ty ",
( )
)

8. Letwe (A x L)® such that p| w. Then, W L,(p) iff p musty ty "%,

Proof. The proofs are simple analyses of the potential computaaoising when running the timed tests
in lock-step (to a deadlock or successful state) with ahyttimed processes. Let= ((a;, & ))o<i<k for
somek € NU{w}.

e Item 1,=: we L¢(p), and thuspg (2.2 p1 (B2 | (@) pk (Definition[4). On the other hand,

tg"ay’*(a;:’@l)t{"ay’ (a2:’5>2> (ak:5>‘> Mayr definition of ty > including the form oft;). Therefore,
1

((pi_g, 8% >( )(p., ,May*>)o<.<k, sow is the trace of a potential computati@nfor both p
andtiy®*, In factw is even the trace of a computation pfandty " (indeed,t,'®* /- and

May+) — ), and is further the trace of a successful computatlorc(ﬂi"ay’* €3).

May,*

inity(Pk) Ninite (t

It then follows thatp mayr tw

<: Given thatp mayE tw ™ we have a successful computatiorof p andtly®*. That is,

({(pi—1,t .Miy*>( (p., |May*>)0<|gk, tﬂ"ay* A init (pk)mmtt(tMay*) 0, andty®* — t'\"ay‘* c

5. By a reverse argument we conclude then thatL¢ (p) (t)'® (& ‘Sl)t'v'""y*(az .. (ak 5‘) ey

then po( L% p1 (a2:’>52) : (ak % == Pk, and thusw € L¢(p)). Items 2 and 3 are proven simiIarIy.

e Item 4,=: Assume thaip mustr ty* does not hold. However, the trawepasses*. * (by the
definition ofty "), only divergence can cause the test to fail. So for somed & k there exists one

tracepy 2 p, 2% ... @A) 5 T 5. which means thap ft w, a contradiction. So it must

be thatp musty tW .

<! Assume thap f w. Then for some G< | < kthere exists one traqgey @) pl (%) @9

o] SLEN p --- which fails the testy;*. This contradicts the conditiop mustr tw™ and so it must
be thatp U w. Item 5 is proven similarly.

o Item 6,=: Assume thatp musty ty"*** does not hold. According to the definition &f{S*,

there are two ways fop to fail the test: Eitheipg @8 p1 @), @ pi— pi---,orpo(@>

py 2% ... %) 5 These contradict the conditiomsl w or w ¢ L (p), respectively.

10
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«: Assume thatv € L¢(p). By the definition ofth"S**  w fails to pass this test. This contradicts

the condition thap must; tiy“s**. Items 7 and 8 are proven similarly.

0

The proof of Theorerfl1 relies extensively on these intuipikeperties of timed tests. Notice that the
usage ofo-state tests (that is, tests that accept based on an acoefaanily, not only ork)—even when
discussing finite-state timed processes—is justified byvaw that timed tests represent the arbitrary,
potentially irregular behaviour of the unknown real-tim&ieonment.

Proof of Theorem[d Item 1 of the theorem is fairly immediate. For the direction we distinguish the

following casesw € L¢(p) implies thatp mayr ty=*. Sincep C7%q it follows thatq mayr tw *"

and thusw € L¢(q). w € Le(p) has two sub-casesga) If |w| = w, thenp mayy t\,\"f'ay"_*’. Sincep C7 q

it follows thatq mayr t\,'\fa“: and thusw € L,(q). (b) If |w| < w, thenp mayr th >, Sincep CT¥q
May,div

it follows thatq mayr tw and thusw € L (Q).

We go now to the= direction for Item 1. Let be any timed test such thptmayy t, that is, there
exists a successful computatiore C(p,t) with w = traceproj,(c)) = traceproj(c)). If |w| = c, then
w € Ly(p) and thusw € Ly, (q) (sincely(p) € Le()). It follows that we can construct a successful
computationc’ € C(q,t) such thatw = traceproj,(c’)) = tracegproj(c')) and proj(c’) = proj(c). It
follows thatg mayr t and thereforey gg'gayq. If |w| < w, we can split the proof into two cases: either
w e L(p) orw € Ly(p). We an then establish thgimayy t as above.

On to Item 2 now. For thes direction we have thap CTUtg, w e (A x L)* U (A x L)® such
that p L w. Thenp musty tw* or p musty ty® (LemmalB), therg musty ty* or g musty ty®
(Definition[I0), thusy | w (Lemm&B). We further distinguish two cases, depending oethér|w| = w
or not:

If |W| < w, letq== ¢ for someq, that is,w € L{(q). Assume that there is ng such thatp = p/
and inity(p') C initq(qf). Suppose thap A% that is,w ¢ L¢(p). Thenp musty ty " (LemmalB), S
gmusty tMUS"* (Definition[I0). Howeverg musty tiy"*** does not hold (contrapositive of Lemifia 3),
a contradiction. Suppose now that==. Let thenX = {(a,3) € initp(p') : p== p'} # 0. Since
initp(p’) < initq(q) (assumption), for evenj € X there exists affa, 6) € A\ initq(q'). Let B be the set
of all such actions (ignoring the time actions). It is then immediate then thahusty t\,“\fgSt (by the

construction of\%gSt); however, it is not the case thamusty tv\“f"gSt (sinceq é@ forany(a,d) € (B,L)).
This contradicts the assumption thET"sq.

If on the other handw| = w, assume that/ & L,(p). Thenp musty ty " (Definition[I0) and thus
w ¢ L, (q) (LemmaB). This contradicts withy € L,(q) (given).

Finally, for the< direction of Iltem 2, let be any timed test such thatmusty t does not hold, that is,
there exists an unsuccessful computatien((di—1,ti—1), (&, &, ti), (G, ti))o<i<k € C(q,t) (Definition[d).
Letw = traceproj,(c)) = traceproj(c)).

Assume thap 1} w. We can then construct an unsuccessful, infinite computatiovhich resembles
c until p can engage in its timed divergent computation and then we fanot to contribute anymore.
Then proj,(¢') € My (p) and proj(c’) ¢ M (t) (becausdprojy(c’)| < w).This implies thatp mustr t
does not hold (Definitiol9) and thysCT"'q (sinceq musty t does not hold, by the contrapositive of
Definition[10).

Assume now thap |} w, that is,w ¢ Lp(p). We have again two cases depending on whettier w
or not.

Whenevelc| < w, () we L(q), = ¢ for someq andt, + = by definition ofty ">, (b) g
t £, inite®(qk) Ninit,S(te) = O by definition ofty "™ and(c) 3p’ : p == p/,init,°(p') < initq°(q)
by condition 2(b). By observation®)—(c) we have a finite computatioti = ((pi_1,t/_,), (&, &, ti),

11
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(pi,))o<i<i € C(p,t) with proj(¢') = proj (c) and(pi,t) = (p",t), wherep == p” for somep’ /.
Note that such &” must exist sincep |} w. Then init,°(p”) C initp,(p’), definition ofc’ and p”, and
observationga) and (b) above imply that inig®(p”) Ninit;(t) < initg®(q") Ninit;*(t/) < initg®(a) N
init¢“(t)); thusc’ cannot be extended. Sinte=tx ¢ %, ¢’ is unsuccessful, spmustr t does not hold.

Wheneveric| = w, g musty ti"**“ does not hold. It follows thav € L,(q), and thusw € Ly(p)
(given). Sop musty ty "> does not hold either (contrapositive of Lemfa 3). In allZTUsq, as
desired. O

The proof of Theoreril2 also relies on the properties of theditests introduced in Lemrih 3.

Proof of Theorem[2 For the=- direction, assume th@C"T"S'q and letw € (A x L)*U (A x L)®. Then,

@ w € Lp(q) impliesq {t w, so it is not the case thgtmusty ty® (LemmdB(5)). Therefore it is not
the case thap musty ty® (sincep CTustg), sop 1w, orw € Lp(p), as desired.

@) w e L¢(q) \ Lp(q) impliesq | wand thusp |} w (same ad{1) but using Lemiiala 3(4)). In addition,
it is not the case thag musty ty"*** (LemmalB(6)) and thup musty tiy"*** does not hold (since
p CTUstg). Thereforew € L¢(p), again as desired.

The proofs of [B) and[{4) are the same as the prooflbf (2) usenmgrhalB(7) and Lemmid 3(8),
respectively.

On to the< direction now. We assume thal (1)1 ()} (3), add (4) hold. Wenher assume that there
exists a timed testsuch thatmusty t does not hold (if such a test does not exist then"sq for any
processp). Thus there exists an unsuccessful computatien((gi_1,t_1) (&, &){di,ti))o<i<k € C(q,t),
with w = tracg{proj,(c)) = trace(proj;(c)).

If pf wthen construct an unsuccessful, infinite computatiomhich resembles until p can engage
in its divergent computation, at which pointan be forced to stop contributing ¢b Thusq{ w and it
is not the case thgi mustr t.

If pdw,|c| < w, andty ¢ X we distinguish two cases:

Letw e L¢(q) \ Lm(0). Then there exists sonfa, d) € A x L such thay @q butty (ﬁt. That is,
w-(a,d) € Lim(q) and so (byl[B)W- (a,0) € Lm(p). Sincep is purely nondeterministic, we can construct
a finite computatiort’ = ((g—1,t_;)(&,&)(ai,t/))o<i<i € C(q,t) where proj(c) = proj (), tf = tx, and

o] (ai?p. The computation is maximal (sinte= t; (ﬁt/) and unsuccessful (sin¢€| < w andt] ¢ ).

Therefore,p mustr t does not hold.

Let noww € Liy(q) (and thusw € Liy(p)). We can then construct a maximal computaibas above
and thenp musty t does not hold given thatmusty t does not hold.

Finally, if p{ w and|c| = w, since prgj(c) & My(t), proj(c) € My(q), andw € Ly (p), we can
construct an infinite computatioi € C(q,t) such that prgjc) = proj(c’). Similar to the above¢’ is
unsuccessful and gpmusty t does not hold. All the cases leadpd-T"'q, as desired. O

4 Timed Test Generation

We now establish an algorithm that generates equivalertdtitasts starting from any TPTL formula.
This can also be regarded as a relation between TPTL and timetltesting. Our result builds on timed
Buchi automata]2] approaches to LTL model checking [11 [TE422[23].

Theorem 4. Given a TPTL formulap there exists a testglsuch that pg=, ¢ for any suitabley if and only

if p mustr T, for any timed process p. Furthermorg Tan be algorithmically constructed starting
from .

12
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Proof. The testT, will be first constructed to consider only infinite computas, and will be then
modified to consider maximal traces. In the followipgs an arbitrary timed process. A sub-formula of
any TPTL formulag is defined inductively as follows:

1. @is a sub-formula ofp,

2. any formulat involving only terms of form@ and relational and boolean operators (henceforth
called “time formula™) occurring inp is a sub-formula ofp, but no sub-formula of is a sub-
formula of ¢ (any time formula is indivisibly a sub-formula g,

3. if =& is a sub-formula ofp, then so i<,
4. if O & is a sub-formula ofp then so isf, O € {X,x.},
5. if & O & is a sub-formula ofp then so aré; andé,, O € {A,V,U}.

To consider infinite traces we build on the existing work tiatp Biichi automata and LTIL[15, 22].
Let C,, be the set that contains exactly all the clocks that occufMiRBL formulag, and let#’ (@) be the
closure ofp, that is, the set containing exactly all the sub-formulae.ofurthermore, 1e®(@) C € (@)
contain exactly all the sub-formulae g@fthat are time formulae.

The construction of our tesf, is then based on the untimed construction developed by zadii
Wolper [22]. Specifically, we add timing constraints to thesitomaton.

We first consider the “local” automatdry, = (2¢(9), Cy, N, —,0,N,S). The set of states contain
all the subsets o¥’ (@) that have no internal inconsistency, plus one designaiéedlistate. The local
automaton does not impose any acceptance condition (feedhdll of its states ar@-final). A states
has no internal inconsistency iff it satisfies the followrwnditions:

1. g esiff -y ¢sforall g € € (),
2. EAnyesiff Eesandy esforall EAY € €(g),
3. X e simpliesy €s.

The transition relation is defined astt%;Lt iff a=t,C={xeCy:xyPpesrnyPet}, t=A(O(p)Ns),
Y et Ax P e simpliesx.y € t, and either

1. s=gandpea, or
2. s#gand

() forally e € (@), X Y €siff Y et,
(b) forallé U e € (o) eithery € s,oré e sandé U Y €t.

Note thatlL, does not impose any acceptance conditions (as mentionecehdbut enforces all the
time constraints present in the original formglaindeed, we note that at every moment frozen in time by
a constructiorx. g we reset the respective clock in the local automaton (indiedsetC of clocks reset
by a transition out o6 contains exactly all the sets of clockseset by arx. construction ins). Later,
whenever a time formula is encountered, that formula is dddeghe time constraints that enable the
transition. Clearly checking the time formula to determiinat the transition is enabled has the intended
effect; indeed, the time formula needs to be true for the /fmimulag to be true, and the semantics of
time in a timed transition system ensures that every clocasmes the time from when it was reset in
the transition system (that is, frozen in the formula) to¢herent moment in time, as desired.

The acceptance conditions will be imposed by the “evertjtiautomatorE, = (2¢(9),0,2¢(®) ¢

0.{0},0), with £(@) = {€ U y € €(9)} ands £t iff
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l.s=0andé Uy ctiff gygaforallE Uy € a, and
2.sA0andé Uy ctiff ygaforallE UyYes.

The eventuality automaton is in fact identical to the oneetigyed elsewheré [22]. This automaton has
in particular no time constraints. It tries to satisfy theemtwalities of the formula (with no regard of
time constraints). When the current state is the initiglesfa it looks to see which eventualities must be
satisfied; afterward the current state keeps track of whiehtealities have yet to be satisfied.

The tesfTy, is obtained by taking the cross-productigfandEy. The cross-product is taken using the
usual (untimed) construction [22], noting that only thensiions in—_ contain time constraints and/or
clock resets (and these go into the composite automatothemgwith the actions that accompany them
in Ly). This test characterizes traces ovéf® x L; in order to switch toA x L we project oveiA the
action labels of all the transitions, as done previoush}.[22

The construction of, follows carefully the construction for the untimed cases ithen immediate
thatT, is correct as far as untimed words are concerned, in the seatseac¢proj,(c)) = ¢ for exactly
all the untimed, successful infinite computatians C(p, T,). The timing information is added (viay),
as detailed above. In all, for all the infinite computatians

trace(proj,(c)) Fy @ for exactly all the successful infinite computatians C(p, Tp) (5)

We now enhancg&, so that it also accepts finite maximal traces. To do this,feryestatesin Ty, we
check if all the formulae contained gare satisfied by the trage Checking for acceptance of the trace
(like for any trace of fixed length) can be done algorithniicalong the structure of the formufa Then,
for every states in T, such that each TPTL formul@ labelings is satisfied bye, we add a transition
s— A, whereA is a fresh new state. We use such a state to distinguish froem states also having no
outgoing transitions; these states represent deadloctodneonsistent sub-formulae gf Note thatA is
a deadlock state, but it differs from the some other deadéteies to allow the identification of maximal
time traces. The final states ©f will then be the set containing only the st#te¢hus introduced. The
other deadlocking states need not concern us any furthee #irey are not success states. For all the
finite computationg we then have:

trace{projp(c)) =, @ for exactly all the successful maximal computatiasC(p, Ty) (6)

Indeed, according to the algorithm outlined above(ip) =, @ (wherex (x) stands for tracgroj,(c))),

T T
thens, 122 s T A holds (withs, the initial state off,). That iss, *? s 4. Thus,c is a maximal
(and also successful) computation. Converselyjsfa successful maximal computation, then there exits

S X(:T‘Q s/ in Typ. According to the algorithm of, there exits thessg X(:T‘Q s— A. Thus,cis maximal.
ThatpFy @if and only if p musty T, now follows immediately from PropertieEl (5) arid (6) (and
Definition[d), as desired. O

5 Conclusion

We proposed in this paper a model of timed tests based on tiraesition systems. We addressed the
problem of characterizing infinite behaviours of timed me&es by developing a theory of timeefinal
states. This theory is inspired by the acceptance familylmhBautomata. We also extended the testing
theory of De Nicola and Hennessy to timed testing. We thedietuthe derived timed may and must
preorders and developed an alternative characterizatroiém. This characterization is very similar to
the characterization of De Nicola and Hennessy’s testiegnaiers, which shows that our preorders are
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fully back compatible: they extend the existing preordersmeentioned, but they do not take anything
away. Further into the characterization process we alseaththat the timed must preorder is equivalent
to a variant of reverse timed trace inclusion when its firgarent is purely nondeterministic.

We then presented an algorithm for test generation out ofL.Ti®imulae. We note that both pro-
cesses and tests are represented by timed transition systetead of automata (that is, their number
of states is not necessarily finite). This is consistent Withhuge body of similar constructs in the un-
timed domain. However, the timed tests produced out of TRFintilae (Theorerl4) are always finite
automata (meaning that their set of states is always fifitiels is quite nice to have for a very practical
reason, as infinite-state tests must be further refined tonbegractical characterization tools.

One significance of our results stems from the fact that wdld@rithms and techniques for real-
time testing have been studied activelyll6), 19], the domililacks solid techniques and theories. Our
paper attempts to present a general theoretical framewonieél-time testing, in order to facilitate the
subsequent evolution of the area. To serve such a purpodeamgwork is as close as possible to the
original framework of (untimed) testing, as shown in ourrelcéerization theorems. In addition, our
characterization is surprisingly concise in terms of ttet tases needed.

Beside the obvious use of the algorithm for test generatf@algorithm also relates the satisfaction
relation of TPTL to the must operator. We therefore note that the algebraic and logicifépation
techniques attempt to achieve the same thing (conformastiad) in two different ways. Each of them
is more convenient for certain systems, as they both haverndalyes and disadvantages. Indeed, logic
approaches allow loose specifications (and therefore ggréstitude in their implementations) but lack
compositionality, while algebraic specifications are cosifional by definition but are often seen as too
detailed (and therefore too constraining). Therefore est generation algorithm also forms the basis
of bringing logic and algebraic specifications togethenstbbtaining heterogeneous specifications for
real-time systems that combine the advantages of the tvamljgans. This has the potential of providing
a uniform basis for analyzing heterogeneous real-timeegystpecifications with a mixture of timed
transition systems and timed logic formulae.

We consider TPTL without congruence because the theoryneftitransition systems does not offer
a congruence mechanism. Such a mechanism could likely tmluded without much difficulty, but
to our knowledge none of the temporal logics (timed of noBdum practical settings take congruence
into consideration, so we preferred to leave time transiigstems intact and exclude congruence from
TPTL instead. This does diminish the expressiveness of T[3[;Lbut we are still significantly above
the expressiveness of most real-time temporal lo@ics| [3, 4]

We have on purpose avoided the discussion of discrete veosuguous time. All the results and
definitions from this paper are oblivious to whether timedasidered discrete or continuous. We there-
fore leave the decision of discreteness to the future ustsofvork.

This paper is only a first step in the direction of combininggtional and assertional styles of timed
specifications; the studying of techniques mixing opesataym timed process algebras and TPTL is a
widely open area. Indeed, we establish algorithms for coasihg timed tests from TPTL formulae;
how to go the other way around is still open for research. Thed preorder testing developed from
De Nicola and Hennessy's preorder testing is not the ontingselation; other testing relations with the
addition of time constraints will also be exciting to invgste.
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