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1. (5 points) Let the matrix A be m xn and B be an n x p matrix. Show that rank AB < rank A. (Hint:
Show that the column space of AB is a subset of the column space of A.)

2. (5 points) Consider the vector ¥ = (1,3,—1) in R? and let W be the subspace of R? consisting of all
vectors of the form (a,b,a — 2b). Decompose ¢ into the sum of a vector that lies in W and a vector
orthogonal to TW.
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3. Consider the matrix

2 —1 4 1 3
A= |—-4 2 -8 -2 5
—6 3 -9 0 4
with reduced echelon form
1 -3 0 =20
R=10 01 10
0 00 01

(a) (5 points) Find a basis for the column space of A.
(b) (5 points) Find a basis for the row space of A. The basis vectors must have integer components.

(¢) (5 points) Find an orthonormal basis for the null space of A.
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4. (10 points) Consider the matrices

L[4 2 10 0
A=g| 4 -1 20 A=|0 1 0
2 -2 2 00 —2

Find an orthogonal matrix V such that A = VAV?,
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5. Let V be the vector space of 2 x 2 real matrices and define (A, B) = tr (A'B).
(a) (10 points) Show that this is an inner product.

(b) (5 points) With reference to this inner product, find the distance between E ﬂ and E ?}
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6. (10 points) Find the orthogonal projection of v = (1, —2,3,—4) onto the subspace of R* spanned by
(1,1,1,1),(1,1,~1,—1), and (1,0,1,0).
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7. (10 points) Let P3(R) be the vector space of all polynomials of degree less than or equal to 3. Let
B = {6, -3z, —42%, 223} and C = {1,1 — 2,1 —x + 2% 1 — 2 + 2* — 23} be ordered bases for P3(R).
Find the transition matrix P, ¢.
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8. (5 points) If T : R? — R? is a linear transformation such that 7'(3,2) = (13,21) and T'(2,3) = (24, —9),
find the standard matrix of 7.

9. (5 points) Find the matrix A of the linear transformation T'(f(t)) = f(1 —t) from the vector space V
to V with respect to the basis {t,t —1,t> —t — 1} for V.
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10. (10 points) Find the least squares line for the data set {(1,—2),(3,1),(0,3),(—2,5)}, and use this to
estimate the y-coordinate associated with x = 2.



