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Math 3073: Final Exam

April 9, 2011

Solve the following PDE:
z?u, + YU, + T =1 — Y.

Find the regions in the zy-plane where the equation
(x + 1)ugy + 2yugy — (1 — 2)uy, =0
is elliptic, hyperbolic, or parabolic. Sketch the regions.

Use the method of factoring to solve

03 9% 0 0 0? 0?
(@ “Soeo taroe t 12@) ul@,t) =0

w(z,0) =0, u(z,0) =2, wuy(z,0)= 2’

0 0
(Hint: — — 3= is a factor of the linear operator. Also, when solving for the arbitrary

ox ot

functions, integrate over the interval [0, z].)

Solve:
Up = 2Ugy, O<zrz<m O0<t<oo
uz(0,t) = uz(m,t) =0
u(z,0) =sinz O<z<m

2
Find all eigenvalues and associated eigenfunctions of e with the following boundary

I2
conditions: X'(0) + X (0) = X(1) + X(1) = 0.



(20%) 6. Consider the following PDE

Agu(r,8) =
u(r,0) = u(r,a) =0

o

forO<r<a, 0<0<a«a

u(r,0)=0

(a) Assume that u(r,0) = R(r)T(d). Use separation of variables to generate ordinary
differential equations for R and T. Make sure the negative sign is associated with
the function T'.

(b) Find the eigenvalues and eigenfunctions associated with 7T'.

(¢) The eigenfunction equation equation for R can be written
r’R"+rR — A\R = 0.
Solutions of this type of equation have the form R(r) = r# for certain values of pu.

Plug this solution into the differential equation and solve for .

(d) We only want to consider bounded solutions of the PDE, so eliminate solutions
from part (c¢) which are not bounded at r = 0.

(e) Combining the eigenfunctions from part (b) and part (d), write the solution of the
PDE as an infinite series. Do not calculate the Fourier coefficients.
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Helpful formulae:

/sinxsinﬁmdm = sin((1 — B)z) — sin((L + 5)z)
2(1—-p) 2(1+p)
/sinxcosﬁxd:v = —COS((l L)) _ cos((1 + f)x)
2(1-75) 2(1+ B)
. _ sin(Bx) — B cos(Br)
/azsm(ﬁx)da: = =
_ cos(Bx) + Basin(fr)
/mcos(ﬁa:)da: = >
1 1

AQU(’F, 9) = ; (Tur) + ﬁU@g

cos @ n 1
U
sin ¢ ¢ gin? o

1 1
A3U<p7 07 ¢) = ; (pQUP)p + E Ugpep —+ Ugp

Page 3



